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troduction,

The concept of a well distributed sequence was introduced by
AWKA [6] and independently by G.M. PETERSEN [10]. Every well
ibuted sequence is uniformly distributed; but whereas there are
uniformly distributed sequences (almost every sequence in a

ct Hausdorff space satisfying the second axiom of countability
urnished with a normed Borel measure u is p-uniformly distri-

s E. HLAWKA [6,7]), the set of well distributed sequences is much
er: it was shown by G, HELMBERG and A.B. PAALMAN - DE MIRANDA [5]
almost no sequence is well distributed. This leads to the

ion (posed in the colloquium on uniform distribution at the

matical Centre in Amsterdam, 1963/196L4) whether well distributed
nces exist at all in every compact Hausdorff space satisfying
econd countability axiom and for every normed Borel measure.
also [1], where several results on almost well distributed

nces in such spaces are obtained under the explicit assumption

the space admits at least one well distributed sequence).

In the present paper we show that the answer to this question is

mative: if X is an arbitrary non-void compact Hausdorff space
fying the second axiom of countability and if u is an arbitrary
d Borel measure on X, there exists a u-well distributed sequence
In the proof we apply (in a modified form) a éonstruction used
e second author in [3] in order to show the existence of

rmly distributed sequences.

It was pointed out to us by G. HELMBERG that our construction
for proving lemma U4 (the special case of a non-atomic measure) is

ly related to the method used by P.R. HAIMOS in exhibiting the

rphism between an arbitrary separable, non-atomic, normalized

re algebra and the measure algebra of the unit segment I ([2],

on 41), In fact this isomorphism theorem can easily be derived
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‘om our results; but we need more then a correspondence between
;asure algebra’s: we need and construct a point-by-point map, in
‘der to be able to 1lift a well-distributed sequence from the unit
iterval (where they are known to exist, cf. [5,10]) to the space
ider consideration,

The authors thank G. HELMBERG for advice and encouragement.,

Notation.

By N we will denote the set of natural numbers. The unit segment
),1] , furnished with its usual topology, is designated by I, while A
» used for Lebesgue measure on I.

If X is a compact Hausdorff space, and if uy is a Borel measure
1 X, the restriction of u to a Borel subset of X will also be denoted
" We Moreover, if ¢ is an integrable function on X, we write u(¢)
mnonymously With‘f.¢(x) dp,

The interior X of a subset A of a topological space is denoted
' AO, its boundary by b(A)., If X is a metric space and A © X, then
A) designates the diameter of A measured in the given metric of X.

If X is a set, then ®(X) will denote the power set (set of all
bsets) of X,

Every‘topological space X occurring in the sequal is assumed to

! non=void.,

The special case of non-atomic Borel measures.

finition 1. Let X be a compact metric space, u a Borel measure on X,
d € a positive real number. An (X,i,e)=quasicover is a finite
1lection & = (C,sCpse0esC } & R (X) with the following properties:

(Q1) C. is compact, and d(Ci) < ey for 1 21 < n.

(q2) uC; > 0 and ub(Ci) =0, for 1 £ 1 <n.

(@3) cgncl=9¢ iri#j,

() uw(x\u€) =o,

i3 £ no

<
=
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rk. It follows from (Q2) that Cg # @ for all i.

—3

a 1, Let X be a compact metric space, u a Borel measure on X,

> 0., There exists an (X,u,€)=quasicover,

I o

Let p denote the metric of X, If x € X and § > O, we denote by
) and Ué(x) the following sets:

Ve(x) = {y € X: p(x,y) < 8} ;5
Ué(x) = {y e X: p{x,y) = 6} &
By s85s00e 5By be a finite number of points in X such that

m
U Vv, (a.), For each i, 1 £ i < m, let &, be a real number
i=1 €/ 1 e 1 )
. that 5 < Gi < ¢ and uUsﬂai) = 0. (Such a éi certainly

ts, for if each of the uncountably many disjoint sets U6(ai)’

§ < £, would have a positive measure, the measure of the compact
e X could not be finite).

Now consider all sets of the form A1r1 Azr\ ose M Am, vhere each
8 either Vé.zai5 or X \VG-(ai)° Let C1’C2’°°°’Cn be those among
e sets which have a positive measure. Then C = {C,,C 5004,C_} is

12722 n

X,u,€)~quasicover,

In the description of our constructions below it will be useful
rork with certain partially ordered index sets. We will call them
ts; they are obtained in the following way.

Let T be the set of all finite sequences N N5eeeny of non-negative

sgers. The length of a sequence 0 € 1 will be denoted by L(o). If

i I and 9 € L, say 61 = n1n2“.,nk and 02 = m1m2...mk,, we put
o, <0 if k <h and n. =m. for 1 <1 < k.
1 =1 2 = — 1 1 == o=

relation < defined in this way partially orders I. Each ocel of
sth L(c) > 1 has exactly one immediate predecessor, denoted by p(o),

denumerably many immediate successors, constituting a set S(a).
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A D-set is a subset A of I enjoying the following properties:
(D1) 0 e A, and 0 is the only element of A of length 1.

(D2) If oe A and L(o) > 1, then p(o) € A.

(D3) If o e A, then 0 # card (S(o) @ A) < }%a

f A is a D-set and k € N, we will denote by Ak the set

L) 5, = {oes: L(o) = kI,

efinition 2. Let X be a compact metric space, u a normed Borel
easure on X, and A a D-set. A A-sieve on X is a map @: A +F (X)
ith the following properties:

(81) @0 = X,

(82) If o € A, and if S(o) n A = {019029°,o,ok}, L(o) = n,

then {¢01,¢02,°°°,¢0k} is a (¢09u,—3)-quasicover°
2

emma 2. Let X be a compact metric space and u a Borel measure on X.
here exists a A-sieve ¢ on X, for a suitable D-set A,
roof .

We will construct successively A{ and @% A1, A2 and ¢ | A2, etc,
2t A, = {0} and ¢(0) = X. Suppose now that A, and ¢ | by

afined. For each o € Ak there exists, by lemma 1, a (@c,u,JE)—quasi—

are already

. 27, .
>ver (COO,CM,MQ,CUHU)° Let Ak+1 consist of all sequences o0i with
€ Ak and 0 £ 1 s andwlet o ]Ak+1 be defined by putting
(oi) = CUio Clearly & = U Ak is a D-set, and the map ¢ is a A-sieve
k=1
1 X.

:mma 3. Let X be a compact metric space, u a normed Borel measure on
y and ¢ a A-sieve on X. There exists a map ¥: A =+ ¥?(I) enjoying the
>llowing propertiess

(i) ¥(o) is a segment, for each o ¢ A, and ¥(0) = I.

(ii) U{¥(1): 1 € A A S(0)} = ¥(o),for each 0 € A,

(1iii) A¥(o) = ue(o), for each o € A,




£
We define ¥ |A1 by putting ¥(0) = I. Suppose v Ai is already
ned for 1 £ i £ k in such a way that the requirements (1), (ii),

) are met, and let 0 € & .. Writing T for p(c), we know then that

k+1
s a subsegment [a,ﬁ] of I and that b-a = u{®t). Suppose

S(T) = {Tn1 9Tn2§ooo,’rn:,} 9

n, <n, < ses < nr; say 0 = Tnio We put
[a, & + u(®0)] in case i=1 j

i=1 i
[é + ) we(tn.), a+ ) u¢(rnu)] if2gigr.
j=1 ! j=1 !

mepping ¥ defined in this way satisfies the conditions.

E_Eo Let X be a compact metric space, u a normed Borel measure on
nd suppose in addition that u is non-stomic (i.e. u({x}) = 0 for
v x € X). Then there exists in X a u-well distributed sequence.
£

Let ® be a A-sieve on X, and let ¥: A » ¥ (I) meet the require-
s of lemma 3. We put

X, = N (U {(2)° o € A1)
k=1

wrly uX1 =X =1,

If xe X1,

[
Uk A such that L(ck

.nition 1); moreover, we know that ¢o

then for every natural number k there is exactly one
) = k and x € oo, (by condition (Q3) in

e+ 1 < <I>ok for all k. As u 1s
-atomic, u@ok + 0 for k > « {we use here the fact that every Borel

sure on a separable locally compact space is a Baire measure and

te is regular; cf. Dﬂ chapter X). It follows that Yo, , < Yo, for

= ubo. 3 lemma 3, (iii)).

k?

k, and that A¥o_ + 0 for k > © (as A¥o,
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jonsequently there exists exactly one y € I such that y e Wok for all
;3 this y we will dencte by f(x).

Let I, = fX, = {fx: x & Xi}o We assert that I, is dense in I.
issume to the contrary that I\I1 contains an open set U, As every
* € I is the common point of a descending chain of sets Yo, 0 e A,
here exists a 0 € A such that Yo ¢ U, By (S2) and (Q2), udo > 0

lence, as u(X‘\Xj) = 0, there exists an x € X, m %0, For this x we

ave fx & I, and on the other hand f(x) e WG(; U, which is impossible.
Now it is well known that there exist A-well distributed
iequences in I (e.g. the sequences of the form (nd - [n@])nglqg
irrational), and it follows easily that every dense subset of I
ontains a sequence which is A~-well distributed in I (ef. [6,9]3 see
lso [K])o Let (yn)neaN be a A=well distributed sequence in I such
hat Y, € I1 for all n; for each n € N, let X, € X1 be chosen in such

. way that fxn =¥, We assert that (xn) is p=well distributed in

néN

Let ¢ be an arbitrary real-valued continuous function on X, and
et € > 0, We have to show that there exists an Mo = Mo(€,¢)5 such
hat

8) | m+k’

i~z

ol{x .. ) = u(¢)% < e

=)

or all M > MO(59¢)9 uniformly in k € N,
As ¢ is uniformly continuous on the compact space X, there exists
. 8§ > 0 such that |¢x - oy| < ﬁ- whenever p(x,y) < § (p denoting the

9
etric of X). We fix an r € N such that m?-< §; and for each o € Ar we

hoose an arbitrary but fixed z & 40, 2
=1
et n=f 1+ ] etz .
ce A
r
If o € A, then
T
. M i i 4 M
- 3 { o2 lavg == Y
9) udo x | | A¥o i Xyl Vo) | 3

ML, Koo fmek
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e, as the sequence (yn) is A=well distributed in I, the:

nell

sts an M, = MT(EQO)9 independent of k, such that

] M
) UQU bt T\',T m§1 Xq)o(xm+k) < n

M depends on € (and on ¢),

all M2 M., Let M =max M_ 3
1 o (o}
o€
on k, and r
1 M
) Ioweo(z) == L 1 Xplxy,,) o(z)| <
oeAr o M =1 oeAr %0 Tm+k o

never M 2 Moo

Next, we consider the expression

) oeiAr xq,o(xmk) ¢(z ) - ¢(xm+k) o

each x (n e N) is contained in exactly one %0, 0 € A

reduced to the form

|

) olzg ) = )]

h X € ¢oou Consequently, its value is at most E-(by the ¢

+k
r), and we find that, for all M,

o

M
1 1
) M m£1 ogAr X‘Do(xm+k) ¢(ZU) M __E,' cb(xm+k)

ally we remark that
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15) o = Z u@cocb(zg)} =

ocel
r

-2

ce A
r

$(x) du - ¢(zc) ufbc}l < é-ﬁ-
do

ombining (11), (14) and (15) we arrive at (8).

s Proof of the main result.

reorem, Let X be a compact space satisfying the second axiom of
>untability, and let u be a normed Borel measure on X. There exist
1 X a y=well distributed sequence.
~00f

It follows from Urysohn's metrization theorem (cf. e.g. [8]
wapter 4) that the space X is metrizable., Therefore the assertion

’llows from lemma 4 in case the set
16) X, = {x € X+ u({x}) > o}

3y empty. Let us suppose now that Xo # @, We remark that Xo9 being
runtable, is a Borel set.

We first assume uXO # 1., In that case we define a new normed
rel measure v on X in the following way: if B is an arbitrary

yrel set in X, then

u(BNX )
7) vB = A
p(X \XO)

:cording to lemma U, there exists in X a v=well distributed

:quence (xn)n e’

Let {z1gzesz3gaoo} be an enumeration of X, » and let
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H

[0,1-uX |, I. = [1=px_,1-ux +u({z 1] ,

o] 1 o o 1
[1—uXO+u({zj}),imuXO+u({z1})+u({zz})] , etce
(v )

be a A=-well distributed sequence in I such that no Yy is

n‘nel
endpoint of one of the intervals Io’ I;s Ips 0o 5 and let
) be its subsequence consisting of all v, € I

ijeN . .
%e now define a new sequence (un)ne;N’ln X as follows. If n = n;

some 1, we put U= X if n # n. but, say, Y, € Ik , we put

= Zype We will show that this sequence (un)nelﬂ 1s uU=-well distri-
ed in X.
For arbitrary n,k,M € N we define
M
) S M) = L xp (yp,,) -

m=1 n

€ > 0 be arbitrary, and let ¢ be a continuous real-valued function
X. As ) u({zn}) < 1<« there exists ann_ 2 1, depending only

e and ¢2 such that

) (1 +max |6(x)]) 1} u({z 1) < -g— o

xeX n>n

(y.)

n‘ne N
€ and ¢, such that, for all n < no and all M 2 M

is A=well distributed, there exists an M,, depending only

19
13

1. -1
) T Jn(k,M) - XIn < e (1 + hnoomax lo(x)]) .
xeX

formly in k. In particular it follows that jn(k,M) + o if M > o,
all n g n_ and uniformly in k, and also that -there exists a

0 such that

all n £ nos all k and all M.
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= u o | A <E=' 7 ) =1
Let J= Y I 5y (19), A 8(3-+¥§X|Mxn) .

pplying the good distribution of (yn)neN to Xy we find that ther

xists an ME(E) such that

-1
) | § 1 e -3 < 20 emax e,

n> i x€X
o)

henever M 2 M, (again, uniformly in k)., It follows that

) %jgkmf < (1 +max Je(x)])

n>n x&X
o)

1
23)

-

or all M > M2 and all k.

As (x_) is v-well distributed in X, there exists an M_(g)
n‘nel 3
uch that
1 M 3 1
> - - -
2k) M m§1 ¢(xm+k) vio)| < 'B'K *

2 max (M1»MQ’M

(e) for all M 3 M, s uniformly in k.

aiformly in ky, if M 2 M3(s)0 Let M be such that M_
1ile moreover jo(ksM) > M3
Such an MO exists, and it depends only on € and ¢ but not on k
ren - if we write B for sums over s consecutive values of the
s

arameter i1 - we have:

LT eluy,y) (= 1 (x5) = [ 902
- -Uup| = y g & o(x.) = X)du
1 m=1¢ U’ ~ ¥ Y 3 (kM) jo(k,M) i XX
§°<Jn(k’M) (z,) (x) W
+ ¢(z ) = J o(x du) + ¢lz
n=1 M n {zn} n>n, M &




. I

io(ksM) 1
M 3 (k,M) L o(x
o * Jo(k,M) '
o (kM) CHH
7 - AL, vig)| + nz1 -
Jn(ksM)
i max |¢(x)]| +
n>n xe X
Sefefees e

M2 MO(€9¢), uniformly in k. -

e remains the case uXO =1, In
outlined above; all terms cont

do

~ A
n

u({z }

case w

ERCH
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